Abstract-This paper presents a state-space-based analysis of a Class E 2 converter for wireless power systems based on a twocoil inductive link. The Class E 2 converter consists of a 200-kHz Class E inverter as the primary coil driver and a voltage-driven Class E synchronous rectifier at the secondary coil of the inductive link. A piecewise linear seventh-order state-space model is used to calculate several parameters and values to achieve optimum switching operation of the Class E inverter and the Class E rectifier. Simulation results are presented to compare the accuracy of the state-space modeling approach with the established analytical approach. For validation of the state-space analysis, an investigation of the influence of variation of coil alignment and load for a 20-W Class E 2 converter prototype system is performed by means of a novel compensation method that maintains optimum switching conditions irrespective of variations. Experimental results are presented to confirm the accuracy of the state-space modeling approach over a wide range of operational conditions and the utility of the compensation method.
State-Space Modeling of a Class E 
I. INTRODUCTION

T
HE Class E inverter has been one of the preferred design topologies to be used as the primary coil driver in recent contactless and wireless power transfer (WPT) applications due to its design simplicity, high-power delivering capability, sinusoidal output current, and efficient operation [1] - [7] . The Class E inverter consists of a single power MOSFET, hence simplifying the MOSFET gate driving circuitry, overall board layout, and thermal considerations. On the other hand, Class E rectifiers provide an efficient ac/dc rectification for high-frequency ac voltages [3] , [8] - [10] . They operate at resonance and have a near sinusoidal input current, which makes them suitable for WPT applications. A Class E rectifier was initially used in a WPT system operating at 800 kHz in [3] , where an efficiency of 94% had been achieved. Extensive analysis has been carried out in for Class E inverters in [11] - [13] and for Class E rectifiers in [3] , [8] - [10] , and the references therein.
Manuscript received December 27, 2013 Class E inverters and rectifiers can be combined together to form Class E 2 dc/dc resonant converters. These converters can be used to build high-frequency, powerful, and efficient dc/dc converters. Extensive research has also been carried out on Class E 2 dc/dc converters over the past three decades [14] - [29] .
A Class E 2 converter was initially proposed in [14] for inductive links, which had a switching frequency of 200 kHz and delivered 100 W to a constant 100-Ω load at an efficiency of 85.1%. It consisted of a finite dc-feed Class E inverter and a current-driven Class E voltage-switching rectifier. We continue on the work in [14] and [20] by presenting a Class E 2 converter that has a more compact form for medium power applications that operate up to 20 W as specified in the "Qi" wireless power standard [30] , [31] . Compactness is achieved by reducing the component count of the Class E 2 converter used in [14] as a result of the dual use of the inductance of the primary coil to eliminate the resonant inductance of the Class E inverter. Moreover, voltage-driven Class E rectifier with a lower component count is used instead of the current-driven Class E rectifier. A MOSFET is employed to replace the diode of the Class E rectifier to provide an improved performance and efficiency of the overall configuration. Consequently, a novel self-starting MOSFET driving circuitry is developed and to be presented here.
The main aim of this paper is to extend the numerical design approach based on state-space modeling of Class E switching circuits that has been used in [2] , [3] , [14] , and [19] to provide an improved analysis of the Class E 2 converter, and to use it to calculate certain parameters and values such as the phase difference between the switching of the switches of the Class E inverter and the Class E rectifier, and the maximum current in the coils of the inductive link. Analytical and simulation results will be presented to show the improved accuracy of the state-space modeling approach over the previous work in analyzing Class E 2 converters, which has been based on analytical approach. The analytical approach assumed that the Class E inverter section of the converter is operating at high Q factor and that the Class E rectifier section could be represented by an equivalent impedance. It is noted that these analytical models have been validated by experimental results over only limited load ranges and operating conditions. However, in such applications such as WPT, it is highly desirable to have design models that provide accurate performance prediction over a wider load range and variations in coil misalignments.
In order to further validate the state-space method experimentally, an investigation of the influence of variations of coil alignment and load for a 20-W Class E 2 converter prototype system is performed by means of a novel compensation method that maintains optimal operating conditions irrespective of the variations. This paper is organized as follows. Section II presents the Class E 2 converter. Analysis is carried out based on a seventhorder piecewise linear state-space representation. Section III provides a design example and addresses the effect of coil misalignment and load variation. A comparison is provided between the results obtained from the analysis presented in this paper with the analytical approach. Section IV describes the experimental setup of a Class E 2 converter for an inductive link system and discusses the obtained experimental results. Section V gives the conclusions and suggests further work.
II. MODELING AND ANALYSIS
The Class E 2 converter under study consists of a Class E zerovoltage switching (ZVS) and zero-derivative voltage switching (ZDS) inverter with an infinite dc-feed inductance [11] , an inductive link consisting of a primary and secondary coils separated by a certain air gap and a voltage-driven Class E ZVS rectifier presented in [3] and [32] . Fig. 1 shows the complete circuit of the converter. The inverter and rectifier switches are designated by Q 1 and Q 2 , respectively, L f is the dc-feed inductance of the inverter, L P and L S represent the inductances of the primary and secondary coils, respectively and M is mutual inductance between them. Resistor R L represents the load. The ZDS of the Class E inverter means that the first derivative of the voltage across switch Q 1 is zero at the moment it is switched ON, which intern results in zero-current switching. The switches are driven at the same switching frequency ω, but at different duty cycles, which will be discussed in the following sections.
A. State-Space Representation
The Class E 2 converter in Fig. 1 can be represented by the equivalent circuit shown in Fig. 2 . Resistors r P and r S are included to represent the equivalent series resistance (ESR) of the primary and secondary coils, respectively. The analysis will be based on the following two assumptions: 1) switches Q 1 and Q 2 have zero switching times, infinite OFF resistances and ON resistances r Q 1 and r Q 2 , respectively; 2) the shunt capacitors C 1 and C 2 absorb the output capacitance of switches Q 1 and Q 2 respectively. The equivalent circuit can be analyzed by the following general state-space representation:
where X is the state vector and contains the following seven voltage and current states variables:
and U is the input vector equal to a unit step function. Using KVL and KCL, the matrices A, B, C, and D are given as (4) shown at the bottom of the page, and
where I is the 7 × 7 identity matrix and
B. Switching Periods and Operating Modes
The Class E 2 converter will have four operating modes depending on the state of the switches. The switches are either ON in which they are represented by their ON resistances, or OFF in which they are represented by their OFF resistances. 
Fig . 3 shows the order of the four different modes in one switching period. It is assumed that the inverter is set to operate at a duty cycle ratio of 0.50. The order of the modes can be initially deduced by inspecting the operation of the circuit. However, the duration of each mode is not yet known. The four different operating modes are defined in Table I . The switching period begins in Mode 1. In this mode, both switches are turned ON and are represented by their ON resistance. At wt = a, the converter transitions into Mode 2 and the rectifier's switch is turned OFF. At wt = b, the converter transitions into Mode 3, where the inverter's switch is now turned OFF. At wt = c, the converters transitions to the final Mode 4, where the rectifier's switch is now turned ON and the inverter's is kept OFF. The four modes of operation result in four different A matrices, which lead to four different linear state-space representations. The complete model of the converter is now a piecewise linear state-space representation. Fig. 4 shows the voltage waveforms of the switches that are associated with this mode sequence. Fig. 4 shows that the duty cycle ratio D 1 of switch Q 1 is equal to and the duty cycle ratio D 2 of switch Q 2 is equal to
The phase difference φ between D 1 and D 2 is equal to
C. Determining the Initial Conditions of the States
The general solution to (1) and (2) is given by
Function X n is the natural response matrix, or the zero-input response matrix, and is equal to
where e is the matrix exponential function. X(0) is the initial condition matrix. Function X f is the forced response matrix, or the zero-state response matrix, and is equal to
The initial condition matrix X(0) can be determined from the voltages' and currents' continuity conditions as the converter transitions from one mode to the next as follows:
By substituting (16)- (19) into (12), the initial conditions of all states in all modes are equal to (19) shown at the bottom of the page.
D. Solving for Optimum Switching Conditions
The modeling and analysis has now been completed. The next step is to determine the values of the components and switching periods for each modes that will achieve the optimum switching conditions of the Class E 2 converter. Fig. 4 shows that the inverter's optimum ZVS and ZDS conditions occur in Mode 1 at wt = 0. The rectifier's optimum ZVS conditions occur in Mode 2 at wt = a and in Mode 4 at wt = c. These optimum switching conditions can be written as
By using (19)- (23), a computer program can be written to solve numerically for the four different component values or parameters. The design example in the following section will discuss this in further details.
III. DESIGN CASE
This section will describe the design procedure of a Class E 2 converter prototype for an inductive link. The converter will operate from a 9-V dc supply and will deliver up to 20 W of power to a nominal 10-Ω load at a 200-kHz switching frequency.
A. Initial Design
The design procedure begins with coils of the inductive link. The coils should have a large quality (Q) factor at the switching frequency of the converter for maximum power transfer efficiency. Extensive research has been devoted into developing coils for inductive links, and it is outside the scope of this paper. For this reason, the popular "Qi" Wireless Power Consortium standard [31] is adopted in determining the primary and secondary coils. Both coils have a maximum dc resistance of 0.1 Ω, an inductance of 24 μH, and a maximum Q factor of 230 at 200 kHz [33] . The coils' ESR can be calculated and is equal to 0.137 Ω. With the addition of the connectors' resistance and the dc resistance of the printed circuit board tracks, the total resistance of the coils is approximately 0.180 Ω at 200 kHz. The mutual inductance between the primary and secondary coils can be measured at different separation distances. For a separation distance of 3mm, the measured mutual inductance is approximately 12 μH, which corresponds to a coupling coefficient (k) value of 0.50.
The secondary coil of the inductive link and capacitor C 3 form the resonant part of the Class E rectifier. The value of C 3 that will cause the rectifier to resonate at 200 kHz is equal to
The output capacitor C 4 should be large enough to maintain a constant dc voltage. A value of 6.6 μF is found to be suitable. The duty cycle D 2 of switch Q 2 and its phase φ with respect to D 1 are the first two parameters that will need to be determined from (19)- (23).
The dc-feed inductor L f of the Class E inverter should be large enough to maintain a constant dc current flow. A choke with a 1 mH inductance is used. The duty cycle D 1 of switch Q 1 is initially set at 0.50. MOSFET IRF540 was used for both switches Q 1 and Q 2 . The total resistance of the MOSFETs' drain-to-source channel and the printed circuit board trace is approximately 0.15 Ω. Capacitors C 1 and C 2 are the two remaining values that will need to be determined from (19)- (23).
The values and parameters that need to be determined are now a, c, C 1 , and C 2 . Equations (19)- (23) were programmed in MATLAB using the Optimization Toolbox and Simulink was then used to measure voltages and currents throughout the converter. The code is included in the Appendix. Table II lists the solutions obtained for D 2 , C 1 , and C 2 . Table II also lists the maximum voltages across the switches V Q 1 max and V Q 2 max , the maximum current in the switches I Q 1 max and I Q 2 max , the input average dc current I In , the primary coil's peak-to-peak current I Lp , the output voltage across the load V o , and the overall dc-to-dc efficiency η. The solutions and measurements for three coupling coefficient values above and below the nominal value of 0.50 are included to show how the variation in the distance between the coils affects the converter. It can be seen that as the coils are further away from each other, or at loose coupling coefficients, the converter delivers more power to the load but at increased current stresses and reduced efficiencies. Efficiency is reduced due to the increasing currents in the coils, which lead to higher ohmic losses. The converter delivers less power to the load as the coils are brought closer to each other or at tighter coupling coefficients. The duty cycle D 2 and phase φ remain relatively constant when the coupling coefficient varies. This is because the Class E rectifier's performance is mainly affected by the load [3] , [32] , which is kept constant at 10 Ω. Table III lists the solutions and measurements for several load values above and below the nominal load. The distance between the coils is kept constant at a coupling coefficient of 0.50. The converter delivers more power to higher loads at increased current stress and reduced efficiencies. The output voltage is also reduced. At reduced loads, the converter delivers less power but at higher efficiencies. The duty cycle D 2 and phase φ vary accordingly since now the load does change. These variations will have to be considered and may increase the complexity of the driving circuitry for switch Q 2 . It is noted that solutions listed in Tables II and III are not unique; other solutions exist that satisfy the optimum switching conditions. However, they are not considered further since they suffer from implementation difficulties and poor efficiencies.
B. Comparison With the Analytical Approach
It is necessary to compare the proposed state-space approach with the analytical approach [8] - [10] , [20] , [23] - [26] in terms of accuracy and complexity. In this section, certain solutions will be obtained using the analytical approach to determine the level of agreement to those in Tables II and III. The analytical approach begins by representing the inductive link with an T-equivalent circuit [34] as shown in Fig. 5(a) . Next, the Class E rectifier part is replaced with an equivalent inductor L EQ and equivalent resistor R EQ as shown in Fig. 5(b) . Further details on determining the equivalent inductance and resistance of selected Class E rectifier topology in this paper can be found in [32] . Finally, the components in the output network of the Class E inverter can be represented by an equivalent inductor L x and equivalent load resistance R x as shown in Fig. 5(c) . Setting the duty cycle to D 1 to 0.50, the values of C 1 and C 2 can be determined using the design equations in [2] and [35] .
Table IV compares between the solutions obtained using the two approaches for two load values of 10 and 30 Ω. For the 10-Ω load case, the solutions for C 1 , C 2 , and D 2 in both approaches are relatively close to each other. However, for the 30-Ω load case, the difference between the solutions of both approaches starts to increase. It can be assumed that the analytical approach is less accurate for the 30-Ω load case since the Q factor of the inverter is reduced. As a result, the current in coils of the inductive link is no longer sinusoidal; therefore, the assumptions that the analytical approach is based on are not valid. The phase φ and output voltage V o were not determined in the analytical approach since they involve tedious calculations. PSPICE simulations were performed using the solutions in Table IV for both approaches. Fig. 6 shows the voltage and current waveforms of Q 1 and Q 2 , respectively. A difference can be observed in the waveforms due to mismatch in the solutions. It can be seen from the waveforms that the solutions obtained using the analytical approach do not completely satisfy the optimum switching conditions of the converter. The voltage across switch Q 1 in Fig. 6(a) and (c) is not zero when the switch is turned ON. This results in a large current spike to flow through switch Q 1 as can be seen in Fig. 6(c) and (d) . The analytical approach resulted in a dc output voltage of 11.900 and 14.093 V for a 10 and 30 Ω load, respectively, whereas the state-space approach resulted in a dc output voltage of 11.571 and 14.158 V for a 10-and 30-Ω load, respectively.
C. Compensation for Load Variations and Coil Misalignments
The Class E 2 converter prototype is to operate at a nominal load of 10 Ω at a coupling coefficient of 0.50. Variations can occur in the load and alignment of the coils while the converter is operating. These variations can cause the Class E inverter to operate at nonoptimum switching conditions since Class E inverters can only operate optimally at a constant load value. Tables II and III list the solutions for different load and coupling coefficient values. However, it is necessary to alter the values of capacitors C 1 and C 2 to compensate for any variations. Since replacing capacitors may not be practically feasible, it is only reasonable to keep the values of capacitors C 1 and C 2 constant for a specific nominal load and coupling coefficient. Other parameters such as the switching frequency, the duty cycles D 1 and D 2 and phase φ can be altered even when the converter is operating [36] . Table V lists the solutions for different values of loads and coupling coefficients when capacitors C 1 and C 2 are kept constant at 53.360 and 45.139 nF, respectively. Altering the switching frequency will shift the operation of the Class E rectifier part of the converter from resonance. However, efficient operation can still be maintained [8] .
The solutions in Table V will be verified manually by observing the voltage waveform across switch Q 1 . These solutions form the basis for the controllers and algorithms to be implemented to achieve automatic compensation.
IV. EXPERIMENTAL VERIFICATION
A. Implementation and Setup
A Class E 2 converter was built based on the specifications and the design method presented in the previous sections. The complete circuit is shown in Fig. 7 . The Class E inverter part is powered from a 9-V dc supply limited to 2.6 A. The switching signal of MOSFET, Q 1 is supplied from a function generator via a MOSFET driver. An electronic load is connected to the output of the Class E rectifier to simulate various loading conditions. The coils of the inductive link are initially kept at a separation distance of 3mm. A photograph of the experimental setup is shown in Fig. 8 .
B. Class E Rectifier Self-Start and Driving Circuit
Driving MOSFET Q 2 of the rectifier requires additional circuitry to ensure that the switching signal is supplied at the correct instants. Referring to the time instant c in Fig. 4 , MOSFET Q 2 switches ON once the voltage across it crosses zero volts. Therefore, the voltage across MOSFET Q 2 can used to trigger the switching signal using a comparator. On the other hand, the voltage across MOSFET Q 2 cannot be relied on as a trigger to turn it OFF. This is because the voltage has a near zero time derivative. Therefore, a one-shot timer is used to drive MOSFET Q 2 with a time duration equal to or less than duty cycle D 2 . The timer is triggered once the comparator detects a zero crossing in the voltage across MOSFET Q 2 .
The Class E rectifier part is an isolated circuit. Power is not available immediately once the converter starts up; therefore, the driving circuitry for MOSFET Q 2 will not be functional. However, the rectifier will still be able to start automatically due to the body diode of MOSFET Q 2 . Once the output voltage rises to a sufficient level, the driving circuitry will then activate to allow for synchronous operation. A voltage regulator is connected to the output of the rectifier to supply power to the driving circuitry.
C. Results
The Class E 2 converter prototype was operated at a nominal load of 10 Ω, a coupling coefficient of 0.50, and a 200-kHz switching frequency. The duty cycle D 1 was set to 0.50 and the one-shot timer was set to provide a 2.56-μs pulse corresponding to a duty cycle D 2 of 0.51. Fig. 9 shows the observed waveforms of the voltages across MOSFETs Q 1 and Q 2 , the currents and voltages of the primary and secondary coils and the switching signals. The waveforms of the piecewise linear state-space model are also plotted for comparison. It can be seen that the observed waveforms are in good agreement with the state-space model. Table VI provides further comparison between several measured and calculated parameters. The errors between the measured and calculated parameters could be attributed to the tolerance of the capacitors' values and parasitic capacitance and inductance in the printed circuit board. Fig. 10 shows a loss breakdown analysis at nominal operating conditions. Power is mainly lost in the ESR of the inductive link coils, switching and conduction losses in MOSFETs Q 1 and Q 2 , and other losses such as that of MOSFET drivers, the ESR of the capacitors, and the timing and control circuitry of the rectifier. It can be seen that a significant amount of power is lost the ESR of the inductive link coils, whereas the power lost in the inverter and rectifier is low. Therefore, the overall efficiency can be improved by using coils with lower ESR.
D. Load Variation
The performance of the Class E 2 converter was investigated for variations in load and coil misalignment as discussed in the previous section. The load was varied from 8 to 15 Ω and the coupling coefficient from 0.45 to 0.55. The duty cycles and switching frequencies were varied according to Table V. Fig. 11 shows the measured output voltage, input power, and efficiency for both load and coupling coefficient ranges. It can be seen that the measured parameters agree with the calculations in Table V . The overall efficiency is reduced at higher loads and loose coupling coefficients, whereas lower loads and tighter coupling coefficients result in a higher overall efficiencies. The output voltage and output power are largest at loose coupling coefficients and higher loads and decrease as the coupling coefficient increases and the load decreases.
The agreement between the measured parameters with the calculations in Table V confirm that the Class E 2 converter can adapt to variations in load and distance in inductive links that may occur during operation. This is due to the result that the Class E inverter part of the converter can be tuned to achieve its optimum switching conditions by adjusting its duty cycle and switching frequency.
V. CONCLUSION
This paper presents a Class E 2 converter for inductive link, which consists of a Class E ZVS and ZDS inverter and a Class E ZVS rectifier. A seventh-order piecewise linear state-space model has been used to model converter and the inductive link including the ON resistance of the switches and the ESR of coils. The state-space model is used to calculate the values of the converter's components and parameters for optimum switching conditions. A compensation method is used to adapt for variations in the load and the distance between the coils by adjusting the switching frequency and the duty cycle of the switches.
The accuracy of the state-space model is compared to that of an analytical model. PSPICE simulations show that calculations based on the state-space model satisfy the optimum switching conditions of the converter, whereas calculations derived from the analytical modeling approach do not completely satisfy the optimum switching conditions. Experimental results prove the accuracy of the state-space modeling approach and verify the utility of the compensation method for variations in load level and distance between the coupled coils of the inductive link.
Since the compensation method was implemented manually in the current work, future work may include the development of controllers and algorithms to achieve automatic compensation. 
